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Let k be an algebraically closed field. An algebraic monoid is defined 
most concretely as a Zariski closed submonoid of M,,(k) for some n > 0. In 
theory, such objects may be regarded as the common generalization of both 
algebraic groups and finite dimensional algebras. As such, they promise a 
novel blend of linear algebra, semigroup theory, and algebraic group theory. 
In fact, many of the general results about irreducible monoids can be seen as 
monoid analogues of basic results about Artinian algebras. Just as in the 
theory of rings, the deepest results about algebraic monoids pertain to the 
appropriate semisimple objects. These are reductioe monoids. By definition, 
a reductive monoid M is an algebraic monoid which is irreducible and 
normal as an algebraic variety, and has a reductive unit group G [e.g. 
Gl,(k 11. The most familiar example is M = M,(k), and most of the important 
questions about reductive monoids are suggested by properties of M,,(k). For 
example, if x E M,(k) then x = ge for some e = e2 E M,,(k) and g E Gl,,(k). 
Is this true in general? (See [7] for the affirmative answer.) As another 
example, is there a generalization of the classical Gauss-Jordan row reduction 
algorithm to reductive monoids? (Again the answer is yes. See [8].) The 
reader is challenged to formulate the classical GJ algorithm in terms of D 
and T s M,(k) (the diagonal and upper triangular matrices respectively), 
without reference to the linear structure of M,,(k). 
The technical development is motivated in two ways. Lie theory suggests 
that we involve the root system of G, while ring theory and semigroup 
theory both suggest that we consider a maximal diagonal submonoid Z of M. 
The synthesis of these two viewpoints yields enough discrete data to classify 
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reductive monoids in the spirit of classical Lie theory. Let T be a maximal 
torus. Then we consider Z = T c M (Zariski closure), X = X(T) the charac- 
ter group of T, and C c X the character monoid of Z, namely C = {X E 
XIX : T + k * extends to x : Z + k}. The triple (X, 4, C> is the polyhedral root 
system of A4 (here 4 c X is the set of roots). The main theorem of [lo] states 
that M e (X, +,C) is a complete invariant for reductive monoids. Con- 
versely, any polyhedral root system (X, 4,C) occurs this way for some M. 
The polyhedral root system for M,(k) is (Z”,(ei - eiJi + j, (e,)), where {ei] 2 
Z” is a Z-basis and ( ei) 5 22” is the submonoid of Z” generated by (e,). 
Some other major results of the theory are as follows: 
There is an exact analogue of the Bruhat decomposition for reductive 
monoids [Xl. Let T c B be a maximal torus and Bore1 subgroup respectively. 
Let A?=Nr,(T)/T. Th en there is a double coset decomposition M = 
U r ~ ,,BrB (disjoint union). Furthermore, 2 is a finite inverse monoid 
(monoid analogue of the Weyl group). For M,,(k), 9 can be identified with 
the 01 matrices with at most one nonzero entry in each row or column. 
There is a general analogue of the Jordan canonical form which is not 
entirely suggested by Jordan’s theory [5]. Let T c G be a maximal torus, and 
let I = W x E(T), where E(T) is the set of idempotents of T. For each 
(Y = (a, e) E P, Putcha defines a subvariety M, C_ M and a surjective mor- 
phism of varieties 6, : M, + G,, where G, is a reductive group with certain 
antiautomorphism 8,. Putcha then proves that any element of M is conjugate 
to an element of some M,. Furthermore, a, b E M, are G-conjugate iff 
g<,(aM(g)-’ = c,(b) for some g E G,. In the classical situation the groups 
G, are all of the form cl,.(k) for some r, and 0, is an inner antiautomor- 
phism of G,. Furthermore, G, is trivial if oe is nilpotent. This is no longer 
true in the general case. 
So what about the book? First of all, this is certainly the most important 
monograph I know of on the subject of linear semigroups. Previously, there 
were only isolated results, and no clear vision of how to proceed with a 
systematic theory. Secondly, Putcha presents the material in a self-contained 
manner by minimizing the prerequisites from algebraic group theory and 
algebraic geometry. He first collects the basic theory of strongly +rr regular 
(srr) monoids as it pertains to linear monoids (a semigroup S is sn-r if for 
any s E S, s’l is in a subgroup of S for some n). Overall, he relies heavily on 
semigroup theory. This has an obvious disadvantage, since semigroup tech- 
niques are not so widely known. The advantage is that the book is accessible 
to graduate students with a modest background in algebra. Furthermore, he 
assembles most of the major techniques of the theory in a remarkably 
efficient manner. While he stops short of the major classification theorems of 
[9] and [lo], the persistent reader could assimilate those papers with little 
difficulty after reading Putcha’s monograph. One very attractive feature of 
BOOK REVIEW 275 
this material is the strong analogy with the monoid M,(k), once we ignore its 
linear structure and relate the theory of reductive unit groups to the system 
of idempotents [the basic fact [3] is that if e = e2 E E(M) then CL(e) = (g E 
G ] ge = ege] and C&(e) = (g E G ) eg = ege) are opposite parabolic sub- 
groups]. In fact, the system of idempotents can be described in terms of the 
set of parabolic subgroups of G and a finite combinatorial object derived 
from a set of diagonal idempotents and the associated Coxeter complex [6]. 
The reader is reminded that the system of idempotents of a regular monoid 
goes a long way toward determining the structure of a regular monoid [2]. 
Anyone interested in what I call “linear algebra for intellectuals” should 
have a careful look at Putcha’s monograph. The book is of interest in linear 
algebra [8, 51, abstract semigroup theory [4], and the embedding theory of 
affine homogeneous spaces [l]. It is not a carefully polished work, but it is 
accessible to graduate students with a modest background in algebraic group 
theory. The reviewer has also reviewed the monograph, from a semigroup 
viewpoint, for Semigroup Forum [ll]. 
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